ENERGY SPREAD OF THE UNSTABLE STATE 
AND PROTON DECAY OBSERVATION 
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Because of the extreme smallness of the energy spread of the unstable state describing the decaying 
proton, due in its turn to the anomalous smallness of the resonance width expected for the proton 
decay, the application of the Heisenberg time-energy relation predicts the measurement times for 
the proton decay observation to be so long as to forbid a "continuous" observation of the decay. 
This might account for the missing observation of the proton decay. 
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I. PRELIMINARY CONSIDERATIONS 

In this letter we wish to put forth a simple conjecture 
quahtatively explaining the missing observation (up to 
now) of proton decay events. To this end, we shall employ 
the time-energy expression of the Heisenberg indetermi- 
nationprinciple, following Ghirardi et al. [l| and Fonda 
et al. [4] (who, however, utilized it in relation to a differ- 
ent physical context concerning the decay observation: 
namely, the so-called Zeno effect with wc shall not deal 
with here). 

The time evolution of the (undisturbed) unstable mi- 
crosystem may be described by the state vector 



1p{t) = a{t)lpQ + V'docay(t), 



(1) 



with ('0o|'0docay(i)) = 0, whcrc a{t) is the non-decay 
amplitude, "00 = V'(O) is the initial so-called unstable 
state, and V'dccay(i) accounts for the decay products; at 
the instant t of observation of the decay state, we have 
the reduction tp{t) — > Vo if decay has not occurred or 
ipit) V'decay if decay has occurred. 
Then the decay state observation, necessary for the ex- 
perimental measurement of the lifetime, is made by a nu- 
merous series of measurements of yes-no type (dccaycd- 
not decayed), for each of which we can write the time- 
energy Heisenberg relation: 



(2) 



where Tm is the duration of the measurement process 
by which it becomes possible to know whether the de- 
cay has or has not occurred, and Ai? is the energy mean 
fluctuaction in the state ■i/'o- Let us observe that, if /S.E 
is sufficiently small (as expected for the extreme small- 
ness of the resonance width 7 = h/r, r being the pro- 
ton lifetime), the relative T„i obtained by means of (2) 
is so large that single measurements cannot actually be 
executed in sequence during ordinary laboratory times: 
and this can substantially account for the missing obser- 
vation of the proton decay. Unlike 7, whose numerical 



value is obtained, for example, by the Fermi golden rule, 
pratically depending only on the coupling constant of the 
force causing the decay, the energy spread /S.E is a phys- 
ical quantity that may depend on the deepest details of 
the interaction Hamiltonian such as the cutoff function 
or on parameters relative to the experimental procedure 
employed during the measurement of the lifetime. The 
numerical value of Ai? does not affect the proton lifetime 
because the decay law P[t){= \a{t)\^) is always given by 
e~^^ except for very large times t ^ t and for very small 
times t < 10^^'^ s, the shape of P{t) for these extreme 
times being strongly correlated to AE. 

In the following we shall examine two theoretical ap- 
proaches employed for studying P{t) at early times and 
that therefore give an estimate of AE sufficiently pre- 
cise for our aims, since for small times we can assume 
P{t) ~ 1 - {AEft^/h^. We shall see that in the first ap- 
proach, essentially a perturbative procedure applied to 
the proton under observation as if it were isolated and 
undisturbed, only a peculiar choice of the cutoff in the 
energy distribution function can make the proton decay 
observable. 

In the second approach, also accounting for the ex- 
perimental devices utilized and for the disturbance in- 
troduced by the lifetime measuring apparatus, we finally 
realize that it is never possible (in reasonably short time) 
to know whether the proton is decayed or not: as a con- 
sequence it becomes impossible to measure its lifetime. 



II. NUMERICAL EVALUATIONS 

Also with respect to the proton decay there have been 
proposed some theoretical procedures employing suitable 
propagators in the context of quantum field theory and 
time dependent perturbation theory. We essentially start 
from an interaction Hamiltonian of the following type. 



(27rft)3/2 {2ujy/' 



^^{.ViV-p + h-C, (3) 
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where d and D indicate the Ught and the heavy decay 
product respectively, uj = + ™^ is the light prod- 
uct's energy, g is the coupling constant relative to the 
decay, and f{uj) is the cutoff function necessary for the 
convergence of the theory. 

Even if, in so doing, we are not able to determine the 
unstable state -00 and its energy spectrum p{E) but only 
P{t), we can (as the authors cited below do in the men- 
tioned works) obtain from the small time expression of 
P{t) ~ 1 - {AEft^/h^ a reliable estimate of AE. Ob- 
viously, we must first of all fix the cutoff function f{Lo). 
Sanchez-Gomez et al., 0] making for /(cj) the following 
choice, 



(Af + uY 



M = 0(mp) w 1 GeV, (4) 



get for AE an expression frequently employed when the 
energy spectrum p{E) of the unstable state -00 is almost 
symmetrical around the resonance energy: 



AE « ^nip - Eti,^ (c = 1), 



(5) 



where is the threshold energy for the decay products. 
For the important channel p —y Tr'^e"^, by assuming Eth 
equal to the sum of the rest masses of the final particles, 
from (5) and (2) we get 



^0 - me+ V7 ~ 28.3 /7 MeV (6a) 



T,n > h/AE « 0.9 X lG-i2^s 



(6b) 



Miglietta and Rimini [J , very differently, making for the 
cutoff function the following choice. 







for w < M 
for > M 



(7) 



with M ~ 0(10^^ GeV — grand-unification energy), get 
finally for the energy spread: 



AE = ^/M^/AnAmy/^, 



(8) 



where Am is the mass difference between the final and 
initial particles. As AI ^ Am (M w 10^^ Am), we have 
a numerical value of AE enormously larger than the pre- 
viously reported value, and correspondingly we have a 
value of Tm much smaller. In the particular case here 
chosen, p 7r°e+, we shall get 



A^; « 10^^V7 MeV 



Tm > 2.6 X 10~2^/F s 



(9) 



Till now we have exclusively reviewed theoretical decay 
pictures, not accounting at all for the interaction occur- 
ring during the measurements between measuring appa- 
ratus and unstable microsystem, nor for the dependence, 



on the peculiar detector's parameters, of the energetic 
properties (as AE) of the observed quantum state. There 
exist on the contrary dynamical models which take into 
account this, as those developed in the works by Watson 
and Goldberger 0], Bell and Goebel @ and mostly by 
Fonda and co-workers 0, i, i, 113, El • 

Since, as we said before, the decay state observation 
is made by a numerous series of measurements of yes- 
no type, and since such measurements are substantially 
equivalent to repeated localization operations, the above- 
mentioned authors have proposed unified treatment of 
the majority of the decays starting from the definition of 
ipo as a wave function of two (or more) interacting and 
scattering particles localized within a fixed experimental 
distance R from each other. Indeed, they showed that, if 
we have a resonance of width 7 in the cross section of two 
particles, the state vector tpo that describes two particles 
well localized after the collision has an energy distribu- 
tion function p{E) that is Breit-Wigner-like: Thus cor- 
responding to an unstable system being about to decay 
and that may therefore be assumed as the wave func- 
tion of the initial unstable state. Generally, the decay 
products can be thought to be formed within a region 
of range r R (where r is dependent only on the decay 
forces and R only on the measurement apparatus) and, as 
long as they are far from each other at a distance < R, 
they are to be described by ipo] whereas they are able 
to interact with the surrounding environment and then 
to be observed by suitable measurements as decay prod- 
ucts (ipdccay) Only whcu they leave the region of range R 
and become separately observable (only then the unsta- 
ble particle really breaks!). To be able to make such a 
theoretical picture of the decay, the above-cited authors 
did utilize the quantum theory of scattering and the S- 
matrix properties. The explicit relative calculations can 
be found in the cited works and finally yield a p{E) for 
the state vector well approximated by the following 
expression 



piE) = 



4arctan(?iD)/ii7 {E—rripj^+j^ /4 







for E e >^ 

(10) 
elsewhere 



where = [mp — hv/2R, mp + hv/2R], v is the relative 
speed of the two final particles, and R is the experimen- 
tal parameter, depending only on the measuring set-up, 
defined above. Correspondingly, for such an energy form 
factor, symmetrical around E = nip and going drasti- 
cally to for large E, we can well assume, as calculated 
directly by the authors: 



AE « i/mp^^th V7 



^hvl2R^ 



(11) 



We may assume (see refs. [T^l and 0) that v « (10^^ 
l)c and R w (10"^" ~ 10~^)cm, relative to decays oc- 
curring directly inside counters, cloud, bubble or spark 
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chambers, or observed by means of radiochemical meth- 
ods. In the case of proton decay w « c, while R may get a 
value up to w 10 cm if the decay takes place in inert mat- 
ter such as iron or cement (which the final particles have 
to cross before coming out and being revealed) ; actually, 
if we employ water together with the Cerenkov effect, R 
is of the order of the molecular distances. Replacing such 
values in eq. (11), we have for R w 10^^ ~ 10 cm, 

AE^Sx IQ-'^^ ^ 10^^77 McV (12) 

and then 

T„ > 0.8 X 10-^77-^3 X 10"^ V7s (13) 

III. FINAL CONCLUSIONS 

Since, according to the most reliable predictions of the 
grand- unification theories, the proton lifetime should be 
> 10'^^ years, we have that Tm varies through all the 
theoretical models examined (except in the one proposed 
by Miglietta and Rimini) as follows 

Trn > 0.9 X 10-12^ ^ 3 X 10"^ Vr s 



The most reliable value of {T„i)min should fall within the 
interval of values given by (14), and so is much larger 
than 4.7 x 10~* s (actually such an extremely small value 
of the measurement duration is relative to a theoretical 
approach not accounting at all for the experimental pro- 
cedure used). Moreover, we do recall that Fleming [l3| 
in 1983 argued that, if protons have to avoid a form of 
"kincmatical fragmentation" before decaying, AE must 
be much smaller than eqs. (6) and (12) indicate: in such 
a way the lower limit for T„i would be even larger than 
predicted by eq. (14). 



In conclusion, the uncertainty principle, because of the 
anomalous smallness of the energy spread due in its turn 
to the anomalous smallness of the resonance width 7, 
forbids the reduction ■0(t) — *■ or ^ '/'decay to occur 
in a reasonably short time during which a proton life- 
time measurement can be performed. The result we have 
achieved reflects principally the difficulty of preparing or 
observing during short times a quantum state very close 
to an energy eigenstate, as the proton unstable state is 
expected to be. 



w (0.5 ^ 1.7) X 10^ years (14) 

Very differently, in the model by Miglietta and Rimini 
we have 

T„ > 2.6 X 10-27^s « 4.7 X 10~®s (15) 
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